Plasmonic nonreciprocity driven by band hybridization in moir\'e
  materials by Papaj, Michał & Lewandowski, Cyprian
Plasmonic nonreciprocity driven by band hybridization in moire´ materials
Micha l Papaj∗ and Cyprian Lewandowski∗
Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA
We propose a new current-driven mechanism for achieving significant plasmon dispersion nonre-
ciprocity in systems with narrow, strongly hybridized electron bands. The magnitude of the effect
is controlled by the strength of electron-electron interactions α, which leads to its particular promi-
nence in moire´ materials, characterized by α  1. Moreover, this phenomenon is most evident in
the regime where Landau damping is quenched and plasmon lifetime is increased. The synergy of
these two effects holds a great promise for novel optoelectronic applications of moire´ materials.
Introduction.— Time-reversal symmetry breaking
leads to the emergence of unidirectional modes in plat-
forms such as the quantum Hall systems [1–3], the quan-
tum anomalous Hall materials [4–8], or the topological
photonic crystals [9–13]. However, such modes, while
holding an exceptional promise for the development of
new devices, often require very specific experimental con-
ditions, such as strong magnetic fields, significant mag-
netic impurity doping or a large, macroscopic size of a
device. Frequently, such systems cannot be easily cou-
pled to electromagnetic radiation, limiting their experi-
mental utility. Moreover, they are not easily susceptible
to miniaturization necessary for the technological appli-
cations, which usually benefit from nanoscale on-chip in-
tegration.
One of the alternative platforms in which nonreciproc-
ity is highly sought-after are the 2D surface plasmons
[14–26], collective charge density modes of fundamental
importance in controlling light-matter interactions [27–
29]. These quasiparticles can be excited using electro-
magnetic radiation and are an essential ingredient in de-
veloping optoelectronic devices. While nonreciprocity in
the plasmon dispersion, ωp(q) 6= ωp(−q), can be induced
using magnetic field [30–33], 2D plasmons also allow for
an appealing alternative based on driving electric current
through the devices - the so-called plasmonic Doppler ef-
fect [22–26, 34]. The essence of this phenomenon boils
down to a simple Galilean transformation that distin-
guishes plasmons moving along and against the elec-
tric current. Electron flow modifies the plasmon dis-
persion with a correction, ∆ω
(c)
p ∼u · q, proportional to
the drift velocity u and plasmon momentum q. This
current-induced nonreciprocity is the conventional plas-
monic Doppler effect.
Unfortunately, even in pristine graphene samples, the
drift velocity is a small fraction of Fermi velocity vF [35,
36]. Therefore the relative magnitude of the Doppler
effect [22]
∆ω
(c)
p (q)
ω0p(q)
∼ 1
α
u
vF
ω0p(q)
|µ| , ω
0
p(q) =
√
4α|µ|vF q (1)
is a small correction on the order of ∼ 3% to the graphene
plasmon dispersion in the absence of electron drift, ω0p(q)
[37–41], as shown in Fig. 1(a,b). Here |µ| is the Fermi
energy and α = e2/~κvF characterizes the strength of
the electronic interactions in a dielectric medium with a
relative permittivity κ. Since in the most common sce-
narios α ∼ 1 (e.g. monolayer graphene), its presence in
the drift-free part of the plasmon dispersion means that
ω0p(q) < |µ|, which is an additional limitation in the at-
tempts to observe the conventional Doppler effect.
Here we show that strongly hybridized, narrow band
materials characterized by α  1, can host a new, fun-
damentally quantum in nature, source of plasmonic non-
reciprocity. In such case, the asymmetry of the plasmon
dispersion (as demonstrated in Fig.1(c,d)) is strongly en-
hanced by an additional factor of α
∆ω(q)p (q)∼α
∆2hvF q
|µ|3 u · q ,
∆ω
(q)
p (q)
ω0p(q)
∼ u
vF
∆2hω
0
p(q)
|µ|3
q
kF
,
(2)
where ∆h is the strength of hybridization between the
two bands that opens up a gap between them (see
Fig.2a). Here, the relative frequency shift is amplified
by the effective fine structure factor α unlike in the con-
ventional Doppler effect ∆ω
(c)
p (q). The origin of this new
effect can be traced back to the hybridization effects in
electronic bandstructure. When plasmon frequencies ex-
ceed the chemical potential, a regime guaranteed by the
strong interactions α 1 [42], the new mechanism dom-
inates over the conventional one, leading to a strong en-
hancement of plasmonic nonreciprocity.
While this new source of bandstructure-driven nonre-
ciprocity is a general consequence of band hybridization,
the necessary ingredient ensuring a drastic increase in
the effect’s magnitude is the presence of strong electron-
electron interactions. A natural platform with these at-
tributes are the moire´ materials, such as the twisted
bilayer graphene (TBG) [43–45] or the ABC stacked
trilayer graphene (TLG) [46]. This enhancement of
electron-electron interactions is due to the emergence of
a superlattice with a period much larger than the atomic
spacing of the original crystal. Such a large lattice con-
stant results in a small Brillouin zone, giving rise to a set
of extremely narrow minibands with bandwidths on the
order of tens of meV [47, 48]. Therefore, moire´ materials
are in many ways an ideal realization of a strongly corre-
lated system: the same sample can display a record-low
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FIG. 1. (a-d) Electron loss functions of the narrow band tight-binding models. (a, b) Unhybridized band model (a) without
and (b) with electric current at T = 0. The conventional Doppler effect imposes only a small change on the plasmon dispersion.
(c, d) Hybridized band model (c) without and (d) with electric current at T = 0. Quantum Doppler effect results in a strong
plasmon dispersion asymmetry. (e) A comparison of relative dispersion asymmetry at several drift velocity values. In hybridized
uystem (solid) strong asymmetry develops, which is purely a consequence of a non-vanishing interband wavefunction overlap,
in contrast to an unhybridized system showing only a conventional Doppler effect (dashed). Here qM is the length of Γ −M
vector of the moire´ Brillouin zone.
density superconductivity [44, 45, 49], a correlated insu-
lating state [43, 46, 50], or an interaction-driven ferro-
magnetism [51, 52]. These narrow bands also offer a key
advantage to plasmonics: narrow-band plasmons can rise
above particle-hole continuum and thus quenching Lan-
dau damping [42, 53]. These characteristics make moire´
materials a perfect platform to realize nonreciprocal plas-
mons with long lifetimes.
In this work we focus specifically on TLG as it features
a single separated flat band that can be tuned using ex-
ternal electric field [46, 49]. We employ a continuum
model [46, 54, 55] to perform a material-realistic calcula-
tion of the plasmon dispersion. These simulations show a
significant plasmonic nonreciprocity, exceeding that pre-
dicted due to the conventional plasmon Doppler effect,
and thus demonstrating moire´ materials as a promising
optoelectronics platform.
Minimal bandstructure model.— To elucidate the mi-
croscopic origins of the new nonreciprocity mechanism,
we develop a minimal model capturing the essential fea-
tures of the complicated moire´ bandstructures relevant
to the plasmonic Doppler effect. We use a toy-model
Hamiltonian H = H0 +Hd +Hh, where:
H0 =
k2
2m
σz, Hd = ∆dσz, Hh = ∆hσx (3)
H0 consists of two parabolic bands that can be thought
of as coming from a tight-binding model. Here m is the
effective mass large enough such that the plasmons ex-
tend above the intraband particle-hole continuum of each
band, and σx,y,z are the Pauli matrices. To describe
the energy gap separating the flat band from the rest
of the moire´ mini-bands, we use two mechanisms: Hd,
a trivial displacement-field-like gap, and Hh, a band hy-
bridization term. We label the electron energies and their
Bloch eigenstates as Es,k and ψs,k respectively, with a
schematic bandstructure shown in Fig.2a. We place the
Fermi energy µ inside the valence band so that it quali-
tatively corresponds to the flat band of TLG.
Plasmons in narrow-band materials.— Collective
charge modes correspond to the nodes of the dynami-
cal dielectric function ε(ω,q) = 1 − VqΠ(ω,q), where
Vq = 2pie
2/κq is the Coulomb potential. We calculate the
electron polarization function Π(ω,q) within the random
phase approximation [56]
Π(ω,q) = 4
∑
k,s,s′
(fs,k+q − fs′,k)F ss′k+q,k
Es,k+q − Es′,k − ω − i0 , (4)
where
∑
k denotes integration over the Brillouin zone
and the indices s, s′ run over electron bands. The fac-
tor of 4 accounts for the four-fold spin/valley degen-
eracy mimicking the degeneracy of the TLG superlat-
tice. Here fs,k is the Fermi-Dirac distribution, and
F ss
′
k+q,k = |〈ψs,k+q|ψs′,k〉|2 describes the overlap between
3FIG. 2. (a) The polarization function contribution of the
interband transitions (red), unlike that of the intraband tran-
sitions (green), is suppressed for ω smaller than the band
gap ∆ = 2
√
∆2d + ∆
2
h. (b) Shift of the plasmon dispersion
obtained from the tight-binding model due to the quantum
(solid) and the conventional (dashed) Doppler effect for dif-
ferent degree of band hybridization γ. Here ∆h = γ∆ and
∆d =
√
1− γ2∆ to keep the gap ∆ constant.
the Bloch eigenstates.
Origins of plasmonic nonreciprocity.— We now focus
on explaining the behavior of the plasmon modes in this
toy-model with an electron carrier drift present in the
system. As the interband terms in the polarization func-
tion will be suppressed by the large denominator on the
order of the bandgap energy scale, it is therefore suffi-
cient to focus only on the intraband contribution. To
that end we expand the intraband term in powers of 1/ω
to obtain
Π(ω,q) ≈ A1(q)
ω
+
A2(q)
ω2
+
A3(q)
ω3
+ . . . . (5)
The coefficients in the above expansion are
An(q) = 4
∑
k
f˜k
(
F−−k,k+q∆E
n−1
k+q,k − F−−k,k−q∆En−1k,k−q
)
(6)
with ∆Enk,k′ ≡ (E−,k − E−,k′)n corresponding to the
nth power of the energy difference of the intraband
transitions, and f˜k ≡ f−,k−mu denoting the drift-
modified distribution function as described in Supple-
mental Materials[57]. These expressions rely on the
Fermi energy µ placement in the valence band s = −
and hence the conduction band being completely unoc-
cupied at low temperatures.
Now we analyze the most insightful regime of |µ| 
∆d,∆h. We expand the band overlap factors and the
energy differences in the small-q limit and then focus only
on the leading k behavior of An(q). We begin with the
A1(q) coefficient, obtaining
A1(q) ≈ − 2
pi
∆2huq
3 cos(θu)
|µ|3 , (7)
where we approximated Fermi energy as |µ| ≈ k2F /2m
and θu is the angle between q and u. As expected, in the
absence of drift current, u = 0, the time-reversal symme-
try is preserved and the odd 1/ω powers in expansion of
Π(ω,q) vanish [58]. Furthermore, if there is no hybridiza-
tion between the bands, ∆h = 0, the 1/ω contribution to
the polarization clearly vanishes.
Following the same approach, we now evaluate A2(q)
and A3(q). To the leading order in q we can set the band
overlap factors in Eq.(6) as unity, finding:
A2(q) ≈ 2
pi
|µ|q2, A3(q) ≈ − 4
pi
u cos θu|µ|q3 . (8)
The q dependence of the An(q) coefficients is easily un-
derstood. This is because the lowest possible contribu-
tion to the polarization function is always of the order
∼q2[56] and thus the first term which can be an odd
function of the angle cos(θu) has to scale as q
3.
We are now in position to obtain the plasmon disper-
sion ωp(q) using the cubic equation
0 = ω3 − 2piαvF
q
(
A1(q)ω
2 +A2(q)ω +A3(q)
)
(9)
with vF = kF /m. Solving this equation perturbatively
in the powers of the electron drift velocity u we find the
plasmon dispersion as
ωp(q) ≈
√
4α|µ|vF q − 2α∆
2
hvF q
|µ|3 u · q− u · q , (10)
which is the central result of our work. It is the last
two terms in the above expression that are behind the
plasmonic nonreciprocity in the presence of electron drift.
Quantum Doppler Effect.— The second term in the
Eq. (10) is the new source of plasmonic nonreciprocity,
which dominates in narrow-band materials. To see this
we analyze the system parameters’ dependence of the
Doppler corrections.
The conventional Doppler shift (last term) depends
only on the drift velocity u and thus its magnitude is
only weakly tunable. For q∼kF it is a fraction of the
chemical potential,
∆ω(c)p ≈ ukF ≈
u
vF
|µ| , |µ| ≈ vF kF , (11)
as the drift velocity u is always smaller than the Fermi
velocity vF . This contrasts the quantum contribution,
the second term in Eq. (10), where the effect’s magnitude
can be drastically increased by effective fine structure
constant α. At momenta q∼kF it is
∆ω(q)p ≈ 2α
u
vF
∆2hv
2
F k
2
F
|µ|3 ≈ 2α
u
vF
∆2h
|µ| , (12)
and thus a large α offers a parametric increase of the
effect. This is exactly the behavior we expect in narrow-
electron band systems where α 1.
To further demonstrate this point we perform numeri-
cal calculations based on the narrow-band tight-binding
4FIG. 3. Electron loss function in TLG (a) without and (b) with an applied electric current. The plasmon dispersion exhibits
strong nonreciprocity under the Fermi surface shift δk = 0.2qM . (c) Relative nonreciprocity for several values of δk = c qM ,
with c = 0.05, 0.1, 0.15, 0.2 and qM = 0.24 nm
−1.
model described in Supplementary Materials[57]. The
plasmonic dispersion in the absence of electric current
is shown in Fig.1(a, c) for two parameter regimes: one
with strongly hybridized bands due to ∆h term, and the
other with decoupled bands simply displaced by a finite
energy ∆d. In both scenarios the parameters are chosen
to keep the same bandwidth and bandgap of 10 meV.
Both cases exhibit qualitatively similar behavior - plas-
mons’ dispersions settle between the intra- and inter-
band particle-hole continua as guaranteed by α  1
[42]. However, when electric current is introduced, the
striking difference between them is immediately appar-
ent. While in the unhybridized case the observed non-
reciprocity is minute, Fig.1(b), in the system with hy-
bridized bands a strong asymmetry in plasmon dispersion
arises, see Fig.1(d). The nonreciprocity can be quanti-
fied by the dispersion asymmetry between the q and −q
modes (ωp(q)−ωp(−q))/ω0p(q), displayed in Fig.1(e) for
both cases. While the conventional effect is present in
both cases, the calculation in a strongly hybridized sys-
tem reveals a remarkable, order of magnitude enhance-
ment over the unhybridized one in agreement with the
analytical calculation. This comparison between the con-
ventional and the quantum Doppler effect is further ex-
emplified by the crossover from the strongly to weakly
hybridized system shown in Fig.2(b). We vary the de-
gree of band hybridization γ while keeping constant the
bandwidths and bandgaps, and plot ∆ω
(c)
p = A3/2A2
and ∆ω
(q)
p = piαvFA1/q, with the latter clearly dominat-
ing when the bands are strongly hybridized.
We highlight that the A1(q) term responsible for the
quantum Doppler effect is not just a special feature of
our model, but rather is universal to any system with
hybridized bands. In fact, the 1/ω term appears also
in the graphene Doppler shift calculations [22, 25], but
because the relevant plasmon frequencies are smaller or
comparable to the Fermi energy ωp . |µ|, the A1(q) term
is suppressed by a small ratio of q2/k2F . More generally,
the origins of the A1(q) coefficient stem from a finite
difference of the band overlap functions. This overlap
measures the extent to which wave functions’ spectral
weight at different momenta come from the same bands.
It is strongly dependent on the band hybridization and
reaches unity far from the band crossing points as |µ|
becomes larger. Indeed it is the relation between the
chemical potential and the plasmon frequency which de-
termines the crossover to the regime in which quantum
contribution dominates,
∆ω(q)p (q) & ∆ω(c)p (q)⇒ ω0p(q) & |µ|, (13)
as indicated in the Fig.1(e).
Doppler effect in moire´ materials.— We turn now to
a particular material realization of this phenomenon -
ABC stacked trilayer graphene. To obtain electron bands
and Bloch wavefunctions we perform a realistic mate-
rial calculation using the continuum model introduced
in Ref.[46, 49, 54, 55][57]. With that model we numeri-
cally evaluate the dielectric function and determine the
resulting plasmon dispersion.
Fig. 3(a, b) demonstrate the plasmon dispersion in
TLG without and with electric current, respectively. As
in the tight binding model, an asymmetry ωp(q) 6=
ωp(−q) develops due to the flowing electric current. In
analyzing this figure it is insightful to compare it with the
Fig.1(c, d) which reproduces qualitative features of the
TLG calculation. Most crucially, we see a plasmon mode
which rises above the particle-hole continuum and once
the mode ωp(q) exceeds the Fermi energy |µ| a strong
nonreciprocity in its dispersion develops. This behavior
is to be expected on the basis of the analysis leading to
Eq.(13).
In Fig. 3(c) we see by evaluating the nonreciprocity
measure that even for a realistic bandstructure and drift
velocities the induced nonreciprocity is a significant cor-
rection to the plasmon dispersion exceeding conventional
Doppler effect predictions. We underline again that the
5enhancement of the Doppler effect from Eq.(2) is a gen-
eral feature of systems with narrow, strongly hybridized
bands and thus not limited to TLG - we expect it to be
present, and perhaps be even more pronounced, in other
materials with these characteristics.
Summary and outlook.— A key feature shared by many
moire´ materials is their remarkable flat electron bands
with extremely low Fermi velocity and, therefore, excep-
tionally large effective fine structure constant α values.
In this work we showed how such strong interactions can
lead to a new, significant source of plasmon nonreciproc-
ity. Our results have immediate consequences of both
practical and fundamental importance. First of all, they
open a pathway to development of optoelectronic devices
with suppressed backscattering [9, 59–62], for example
plasmonic isolators based on Mach-Zehnder interferom-
eters [63, 64], making them a valuable addition to the
nanophotonics toolbox. Moreover, the drift-based mech-
anism enables a highly tunable electrical control of nonre-
ciprocity on a nanoscale by simply controlling the current
flow in the device. This on-chip compactness and tun-
ability are in striking contrast to the mechanisms that
employ the magnetic-based approaches. Finally, intro-
ducing a nonreciprocity to the dispersion of plasmons
with quenched Landau damping is particularly appeal-
ing, as it paves a way towards a practical realization of
various theoretical predictions, such as the Dyakonov-
Shur instability [34], that were previously limited by the
plasmonic lifespan. As the collective modes in the moire´
materials are actively searched for using near-field op-
tical microscopy techniques [65–68], this work can open
new prospects for both fundamental and practical appli-
cations of moire´ plasmons.
We thank Leonid Levitov for drawing our attention
to the concept of plasmonic Doppler effect and Ali
Fahimniya for useful discussions. M. P. was supported
by DOE Office of Basic Energy Sciences under Award
de-sc0018945. C. L. acknowledges support from the MIT
Physics graduate program and the STC Center for In-
tegrated Quantum Materials, NSF Grant No. DMR-
1231319.
∗ These authors contributed equally to this work.
[1] K. v. Klitzing, G. Dorda, and M. Pepper, “New method
for high-accuracy determination of the fine-structure con-
stant based on quantized hall resistance,” Phys. Rev.
Lett. 45, 494–497 (1980).
[2] B. I. Halperin, “Quantized hall conductance, current-
carrying edge states, and the existence of extended states
in a two-dimensional disordered potential,” Phys. Rev. B
25, 2185–2190 (1982).
[3] A. H. MacDonald and P. Strˇeda, “Quantized hall effect
and edge currents,” Phys. Rev. B 29, 1616–1619 (1984).
[4] F. D. M. Haldane, “Model for a quantum hall effect
without landau levels: Condensed-matter realization of
the ”parity anomaly”,” Phys. Rev. Lett. 61, 2015–2018
(1988).
[5] Rui Yu, Wei Zhang, Hai-Jun Zhang, Shou-Cheng Zhang,
Xi Dai, and Zhong Fang, “Quantized anomalous hall
effect in magnetic topological insulators,” Science 329,
61–64 (2010).
[6] Kentaro Nomura and Naoto Nagaosa, “Surface-quantized
anomalous hall current and the magnetoelectric effect
in magnetically disordered topological insulators,” Phys.
Rev. Lett. 106, 166802 (2011).
[7] Qing-Ze Wang, Xin Liu, Hai-Jun Zhang, Nitin Samarth,
Shou-Cheng Zhang, and Chao-Xing Liu, “Quantum
anomalous hall effect in magnetically doped inas/gasb
quantum wells,” Phys. Rev. Lett. 113, 147201 (2014).
[8] Cui-Zu Chang, Jinsong Zhang, Xiao Feng, Jie Shen,
Zuocheng Zhang, Minghua Guo, Kang Li, Yunbo Ou,
Pang Wei, Li-Li Wang, Zhong-Qing Ji, Yang Feng, Shuai-
hua Ji, Xi Chen, Jinfeng Jia, Xi Dai, Zhong Fang, Shou-
Cheng Zhang, Ke He, Yayu Wang, Li Lu, Xu-Cun Ma,
and Qi-Kun Xue, “Experimental observation of the quan-
tum anomalous hall effect in a magnetic topological in-
sulator,” Science 340, 167–170 (2013).
[9] Tomoki Ozawa, Hannah M. Price, Alberto Amo, Nathan
Goldman, Mohammad Hafezi, Ling Lu, Mikael C.
Rechtsman, David Schuster, Jonathan Simon, Oded Zil-
berberg, and Iacopo Carusotto, “Topological photonics,”
Rev. Mod. Phys. 91, 015006 (2019).
[10] Ling Lu, John D. Joannopoulos, and Marin Soljacˇic´,
“Topological photonics,” Nature Photonics 8, 821–829
(2014).
[11] Ling Lu, John D. Joannopoulos, and Marin Soljacˇic´,
“Topological states in photonic systems,” Nature Physics
12, 626–629 (2016).
[12] Alexander B. Khanikaev and Gennady Shvets, “Two-
dimensional topological photonics,” Nature Photonics
11, 763–773 (2017).
[13] Xiao-Chen Sun, Cheng He, Xiao-Ping Liu, Ming-Hui Lu,
Shi-Ning Zhu, and Yan-Feng Chen, “Two-dimensional
topological photonic systems,” Progress in Quantum
Electronics 55, 52 – 73 (2017).
[14] K. Y. Bliokh, F. J. Rodr´ıguez-Fortun˜o, F. Nori, and
A. V. Zayats, “Spin–orbit interactions of light,” Nature
Photonics 9, 796–808 (2015).
[15] Justin C. W. Song and Mark S. Rudner, “Chi-
ral plasmons without magnetic field,” Proceedings
of the National Academy of Sciences (2016),
10.1073/pnas.1519086113.
[16] Li-kun Shi and Justin C. W. Song, “Plasmon geometric
phase and plasmon hall shift,” Phys. Rev. X 8, 021020
(2018).
[17] Anshuman Kumar, Andrei Nemilentsau, Kin Hung Fung,
George Hanson, Nicholas X. Fang, and Tony Low, “Chi-
ral plasmon in gapped dirac systems,” Phys. Rev. B 93,
041413 (2016).
[18] Alessandro Principi, Mikhail I. Katsnelson, and Gio-
vanni Vignale, “Edge plasmons in two-component elec-
tron liquids in the presence of pseudomagnetic fields,”
Phys. Rev. Lett. 117, 196803 (2016).
[19] Dafei Jin, Ling Lu, Zhong Wang, Chen Fang, John D.
Joannopoulos, Marin Soljacˇic´, Liang Fu, and Nicholas X.
Fang, “Topological magnetoplasmon,” Nature Communi-
cations 7, 13486 (2016).
[20] Dafei Jin, Thomas Christensen, Marin Soljacˇic´,
Nicholas X. Fang, Ling Lu, and Xiang Zhang, “Infrared
6topological plasmons in graphene,” Phys. Rev. Lett. 118,
245301 (2017).
[21] Zongfu Yu, Georgios Veronis, Zheng Wang, and Shan-
hui Fan, “One-way electromagnetic waveguide formed at
the interface between a plasmonic metal under a static
magnetic field and a photonic crystal,” Phys. Rev. Lett.
100, 023902 (2008).
[22] Dan S. Borgnia, Trung V. Phan, and Leonid S. Levi-
tov, “Quasi-relativistic doppler effect and non-reciprocal
plasmons in graphene,” (2015), arXiv:1512.09044 [cond-
mat.mes-hall].
[23] Ben Van Duppen, Andrea Tomadin, Alexander N Grig-
orenko, and Marco Polini, “Current-induced birefringent
absorption and non-reciprocal plasmons in graphene,” 2D
Materials 3, 015011 (2016).
[24] K. Y. Bliokh, F. J. Rodr´ıguez-Fortun˜o, A. Y. Bek-
shaev, Y. S. Kivshar, and F. Nori, “Electric-current-
induced unidirectional propagation of surface plasmon-
polaritons,” Opt. Lett. 43, 963–966 (2018).
[25] Mohsen Sabbaghi, Hyun-Woo Lee, Tobias Stauber, and
Kwang S. Kim, “Drift-induced modifications to the dy-
namical polarization of graphene,” Phys. Rev. B 92,
195429 (2015).
[26] Tiago A. Morgado and Ma´rio G. Silveirinha, “Drift-
induced unidirectional graphene plasmons,” ACS Pho-
tonics, ACS Photonics 5, 4253–4258 (2018).
[27] A. N. Grigorenko, M. Polini, and K. S. Novoselov,
“Graphene plasmonics,” Nature Photonics 6, 749–758
(2012).
[28] M. S. Tame, K. R. McEnery, S¸. K. O¨zdemir, J. Lee, S. A.
Maier, and M. S. Kim, “Quantum plasmonics,” Nature
Physics 9, 329–340 (2013).
[29] William L. Barnes, Alain Dereux, and Thomas W.
Ebbesen, “Surface plasmon subwavelength optics,” Na-
ture 424, 824–830 (2003).
[30] D. C. Glattli, E. Y. Andrei, G. Deville, J. Poitrenaud,
and F. I. B. Williams, “Dynamical hall effect in a two-
dimensional classical plasma,” Phys. Rev. Lett. 54, 1710–
1713 (1985).
[31] D. B. Mast, A. J. Dahm, and A. L. Fetter, “Observation
of bulk and edge magnetoplasmons in a two-dimensional
electron fluid,” Phys. Rev. Lett. 54, 1706–1709 (1985).
[32] Detlef Heitmann, “Two-dimensional plasmons in homo-
geneous and laterally microstructured space charge lay-
ers,” Surface Science 170, 332 – 345 (1986).
[33] S. J. Allen, H. L. Sto¨rmer, and J. C. M. Hwang, “Dimen-
sional resonance of the two-dimensional electron gas in
selectively doped GaAs/AlGaAs heterostructures,” Phys.
Rev. B 28, 4875–4877 (1983).
[34] Michael Dyakonov and Michael Shur, “Shallow water
analogy for a ballistic field effect transistor: New mech-
anism of plasma wave generation by dc current,” Phys.
Rev. Lett. 71, 2465–2468 (1993).
[35] Vincent E. Dorgan, Myung-Ho Bae, and Eric Pop, “Mo-
bility and saturation velocity in graphene on SiO2,” Ap-
plied Physics Letters 97, 082112 (2010).
[36] Jie Yu, Guanxiong Liu, Anirudha V. Sumant, Vivek
Goyal, and Alexander A. Balandin, “Graphene-on-
diamond devices with increased current-carrying capac-
ity: Carbon sp2-on-sp3 technology,” Nano Letters, Nano
Letters 12, 1603–1608 (2012).
[37] E. H. Hwang and S. Das Sarma, “Dielectric function,
screening, and plasmons in two-dimensional graphene,”
Phys. Rev. B 75, 205418 (2007).
[38] B Wunsch, T Stauber, F Sols, and F Guinea, “Dynami-
cal polarization of graphene at finite doping,” New Jour-
nal of Physics 8, 318–318 (2006).
[39] Frank H. L. Koppens, Darrick E. Chang, and F. Javier
Garc´ıa de Abajo, “Graphene plasmonics: A platform for
strong light–matter interactions,” Nano Letters, Nano
Letters 11, 3370–3377 (2011).
[40] Marinko Jablan, Hrvoje Buljan, and Marin Soljacˇic´,
“Plasmonics in graphene at infrared frequencies,” Phys.
Rev. B 80, 245435 (2009).
[41] George W. Hanson, “Dyadic green’s functions and
guided surface waves for a surface conductivity model
of graphene,” Journal of Applied Physics 103, 064302
(2008), https://doi.org/10.1063/1.2891452.
[42] Cyprian Lewandowski and Leonid Levitov, “Intrinsically
undamped plasmon modes in narrow electron bands,”
Proceedings of the National Academy of Sciences 116,
20869–20874 (2019).
[43] Yuan Cao, Valla Fatemi, Ahmet Demir, Shiang Fang,
Spencer L. Tomarken, Jason Y. Luo, Javier D.
Sanchez-Yamagishi, Kenji Watanabe, Takashi Taniguchi,
Efthimios Kaxiras, Ray C. Ashoori, and Pablo Jarillo-
Herrero, “Correlated insulator behaviour at half-filling in
magic-angle graphene superlattices,” Nature 556, 80 EP
– (2018).
[44] Yuan Cao, Valla Fatemi, Shiang Fang, Kenji Watanabe,
Takashi Taniguchi, Efthimios Kaxiras, and Pablo Jarillo-
Herrero, “Unconventional superconductivity in magic-
angle graphene superlattices,” Nature 556, 43 EP –
(2018).
[45] Matthew Yankowitz, Shaowen Chen, Hryhoriy Polshyn,
Yuxuan Zhang, K. Watanabe, T. Taniguchi, David Graf,
Andrea F. Young, and Cory R. Dean, “Tuning super-
conductivity in twisted bilayer graphene,” Science 363,
1059–1064 (2019).
[46] Guorui Chen, Lili Jiang, Shuang Wu, Bosai Lyu,
Hongyuan Li, Bheema Lingam Chittari, Kenji Watan-
abe, Takashi Taniguchi, Zhiwen Shi, Jeil Jung, Yuanbo
Zhang, and Feng Wang, “Evidence of a gate-tunable
Mott insulator in a trilayer graphene moire´ superlattice,”
Nature Physics 15, 237–241 (2019).
[47] Rafi Bistritzer and Allan H. MacDonald, “Moire´ bands in
twisted double-layer graphene,” Proceedings of the Na-
tional Academy of Sciences 108, 12233–12237 (2011).
[48] G. Trambly de Laissardie`re, D. Mayou, and L. Magaud,
“Numerical studies of confined states in rotated bilayers
of graphene,” Phys. Rev. B 86, 125413 (2012).
[49] Guorui Chen, Aaron L. Sharpe, Patrick Gallagher,
Ilan T. Rosen, Eli J. Fox, Lili Jiang, Bosai Lyu,
Hongyuan Li, Kenji Watanabe, Takashi Taniguchi, Jeil
Jung, Zhiwen Shi, David Goldhaber-Gordon, Yuanbo
Zhang, and Feng Wang, “Signatures of tunable super-
conductivity in a trilayer graphene moire´ superlattice,”
Nature 572, 215–219 (2019).
[50] Xiaobo Lu, Petr Stepanov, Wei Yang, Ming Xie, Mo-
hammed Ali Aamir, Ipsita Das, Carles Urgell, Kenji
Watanabe, Takashi Taniguchi, Guangyu Zhang, Adrian
Bachtold, Allan H. MacDonald, and Dmitri K. Efetov,
“Superconductors, orbital magnets and correlated states
in magic-angle bilayer graphene,” Nature 574, 653–657
(2019).
[51] Aaron L. Sharpe, Eli J. Fox, Arthur W. Barnard, Joe
Finney, Kenji Watanabe, Takashi Taniguchi, M. A. Kast-
7ner, and David Goldhaber-Gordon, “Emergent ferro-
magnetism near three-quarters filling in twisted bilayer
graphene,” Science 365, 605–608 (2019).
[52] M. Serlin, C. L. Tschirhart, H. Polshyn, Y. Zhang,
J. Zhu, K. Watanabe, T. Taniguchi, L. Balents, and
A. F. Young, “Intrinsic quantized anomalous hall effect
in a moire´ heterostructure,” Science (2019), 10.1126/sci-
ence.aay5533.
[53] Kaveh Khaliji, Tobias Stauber, and Tony Low, “Plas-
mons and screening in finite-bandwidth 2d electron gas,”
(2019), arXiv:1910.01229 [cond-mat.mes-hall].
[54] Fan Zhang, Bhagawan Sahu, Hongki Min, and A. H.
MacDonald, “Band structure of ABC-stacked graphene
trilayers,” Physical Review B 82, 035409 (2010).
[55] Mikito Koshino and Edward McCann, “Trigonal warp-
ing and Berry’s phase pi in ABC-stacked multilayer
graphene,” Physical Review B 80, 165409 (2009).
[56] Gerald Mahan, Many-particle physics (Kluwer Aca-
demic/Plenum Publishers, New York, 2000).
[57] See Supplemental Material where additional details of
analytical derivation and numerical calculation are dis-
cussed.
[58] L. D. Landau and E. M. Lifshitz, Electrodynamics of Con-
tinuous Media (Pergamon, New York, 1984).
[59] Sasikanth Manipatruni, Jacob T. Robinson, and Michal
Lipson, “Optical nonreciprocity in optomechanical struc-
tures,” Phys. Rev. Lett. 102, 213903 (2009).
[60] Archana Kamal, John Clarke, and M. H. Devoret,
“Noiseless non-reciprocity in a parametric active device,”
Nature Physics 7, 311–315 (2011).
[61] Shiyue Hua, Jianming Wen, Xiaoshun Jiang, Qian Hua,
Liang Jiang, and Min Xiao, “Demonstration of a chip-
based optical isolator with parametric amplification,”
Nature Communications 7, 13657 (2016).
[62] Dirk Jalas, Alexander Petrov, Manfred Eich, Wolfgang
Freude, Shanhui Fan, Zongfu Yu, Roel Baets, Milosˇ
Popovic´, Andrea Melloni, John D. Joannopoulos, Math-
ias Vanwolleghem, Christopher R. Doerr, and Hagen
Renner, “What is —and what is not —an optical iso-
lator,” Nature Photonics 7, 579–582 (2013).
[63] Zongfu Yu and Shanhui Fan, “Optical isolation based on
nonreciprocal phase shift induced by interband photonic
transitions,” Applied Physics Letters 94, 171116 (2009).
[64] J. Fujita, M. Levy, R. M. Osgood, L. Wilkens, and
H. Do¨tsch, “Waveguide optical isolator based on mach–
zehnder interferometer,” Applied Physics Letters 76,
2158–2160 (2000).
[65] Jianing Chen, Michela Badioli, Pablo Alonso-Gonza´lez,
Sukosin Thongrattanasiri, Florian Huth, Johann Os-
mond, Marko Spasenovic´, Alba Centeno, Amaia Pes-
quera, Philippe Godignon, Amaia Zurutuza Elorza, Nico-
las Camara, F. Javier Garc´ıa de Abajo, Rainer Hillen-
brand, and Frank H. L. Koppens, “Optical nano-imaging
of gate-tunable graphene plasmons,” Nature 487, 77 EP
– (2012).
[66] Z. Fei, A. S. Rodin, G. O. Andreev, W. Bao,
A. S. McLeod, M. Wagner, L. M. Zhang, Z. Zhao,
M. Thiemens, G. Dominguez, M. M. Fogler, A. H. Cas-
tro Neto, C. N. Lau, F. Keilmann, and D. N. Basov,
“Gate-tuning of graphene plasmons revealed by infrared
nano-imaging,” Nature 487, 82 EP – (2012).
[67] F. Hu, Suprem R. Das, Y. Luan, T.-F. Chung, Y. P.
Chen, and Z. Fei, “Real-space imaging of the tailored
plasmons in twisted bilayer graphene,” Phys. Rev. Lett.
119, 247402 (2017).
[68] Niels C. H. Hesp, Iacopo Torre, Daniel Rodan-Legrain,
Pietro Novelli, Yuan Cao, Stephen Carr, Shiang Fang,
Petr Stepanov, David Barcons-Ruiz, Hanan Herzig-
Sheinfux, Kenji Watanabe, Takashi Taniguchi, Dmitri K.
Efetov, Efthimios Kaxiras, Pablo Jarillo-Herrero, Marco
Polini, and Frank H. L. Koppens, “Collective excitations
in twisted bilayer graphene close to the magic angle,”
(2019), arXiv:1910.07893 [cond-mat.str-el].
8SUPPLEMENTAL MATERIAL FOR “PLASMONIC NONRECIPROCITY DRIVEN BY BAND
HYBRIDIZATION IN MOIRE´ MATERIALS”
ADDITIONAL DETAILS OF THE ANALYTICAL DERIVATION
In this section of the Supplemental Materials we provide the full details of the analytical derivation of the plasmonic
Doppler effect. We focus on a two band toy-model that reproduces the physics of narrow-band plasmons in moire´
materials. In the main text we defined the toy-model Hamiltonian to be H = H0 +Hd +Hh with:
H0 =
k2
2m
σz, Hd = ∆dσz, Hh = ∆hσx (S1)
Its eigenvalues are:
Es,k = s
√
∆2h +H
2
k, Hk ≡ k2/2m+ ∆d (S2)
and the corresponding Bloch eigenstates:
ψs,k =
1√
2Es,k (Es,k +Hk)
(
Hk + Es,k
∆h
)
. (S3)
with a momentum k and a band index s = ± corresponding to the conduction (+) and valence (−) bands. The
overlap between these Bloch eigenstates is given by:
F ss
′
k+q,k = |〈ψs,k+q|ψs′,k〉|2 =
(
(Es,k+q +Hk+q)(Es′,k +Hk) + ∆
2
h
)2
4Es,k+qEs′,k(Es,k+q +Hk+q)(Es′,k +Hk)
. (S4)
We pause to clarify the electric and magnetic field nature of the plasmon modes that are found through the nodes
of the dielectric function ε(ω,q)
ε(ω,q) = 1− VqΠ(ω,q) , (S5)
where Vq = 2pie
2/q is the 2D Coulomb interaction and Π(ω,q) is the dynamical polarization function. As discussed
in the main text we approximate the polarization function by its RPA expression
Π(ω,q) = 4
∑
k,s,s′
(fs,k+q − fs′,k)F ss′k+q,k
Es,k+q − Es′,k − ω − i0 . (S6)
The modes obtained from the nodes of ε(ω,q) correspond precisely to the frequency of the longitudinal charge
oscillations in a solid: plasmons. However, what is experimentally relevant are not these longitudinal charge oscilla-
tions, but rather closely related oscillations of the transverse magnetic and electric field components. More precisely,
they are the transverse magnetic surface plasmon polariton (TM-SPP) waves with a slightly more involved equation
defining their dispersion[25, 40]. However under the assumption that the retardation effects can be neglected, vF  c,
the defining relation for dispersion of TM-SPP waves reduces to seeking the nodes of the dielectric function, Eq.(S5).
In the Section of the Supplemental Materials we demonstrate the validity of the non-retardation assumption as well
as we present the behavior of the electric and magnetic fields that comprise these surface plasmons.
We return to the analysis of the polarization function. To that end we rewrite the polarization function from
Eq.(S6) by carrying out a replacement k+q→ k and s→ s′ in the first fraction with the fs,k+q distribution function.
This yields an expression
Π(ω,q) = 4
∑
k,s,s′
fs,k−mu
(
F ss
′
k,k−q
Es,k − Es′,k−q − ω − i0 −
F ss
′
k,k+q
Es′,k+q − Es,k − ω − i0
)
, (S7)
which we proceed to expand in the long wavelength limit. In the small-q limit the energy associated with the intraband
transitions will be always smaller than the frequency ω, while the energy of the interband transitions will be always
larger than ω. As discussed in the main text, it is therefore sufficient to focus on the intraband contribution to the
polarization function only as the interband terms will be suppressed by the large denominator on the order of the
bandgap energy scale.
9In the above Eq.(S6) to account for the flow of the electric current in the system we modified the Fermi-Dirac
distribution [22, 25]. To the leading order in the strength of the electric field E, it induces a shift of the Fermi sea by a
momentum δk = −eEτ . Here τ is a characteristic momentum relaxation timescale which underlying microscopic form
may be highly nontrivial. We sidestep this difficulty by parametrizing the momentum shift instead as δk = −mu with
u being the experimentally determined drift velocity. The effect of the electron drift onto the polarization function is
then simply given by a replacement fs,k → fs,k+δk , made in both distribution functions in Eq.(S6) above.
To obtain a closed form of the coefficients An(q) introduced in the main text
An(q) = 4
∑
k
f˜k
(
F−−k,k+q∆E
n−1
k+q,k − F−−k,k−q∆En−1k,k−q
)
, (S8)
it is necessary to understand the practical implications of the limit of |µ|  ∆d,∆h. The largest energy scale that
controls the behavior of the expansion coefficients An(q) is the Fermi energy. As such, we can therefore expand the
band overlap factors and the energy differences in the small-q limit and then subsequently focus only on the leading
k behavior of the An(q) coefficients. In practice this translates to simply approximating the exact electron energies
Es,k as parabollically dispersing carriers. This yields the following expression for the energy difference
∆Ek+q,k ≈ −q
2
2m
− kq
m
cos θ (S9)
and the band overlap factors
F−−k+q,k ≈ 1−
4∆2hm
2q2 cos θ
k6
(
cos θ +
q
k
(1− 4 cos2 θ)
)
. (S10)
In the above we introduced an angle θ between the vectors k and q. Note that in the limit of ∆h → 0 intraband
overlap approaches F−−k,k+q → 1. This is to be expected as in the limit of ∆h → 0 the two bands of the toy-model
H become unhybridized - the matrix H is diagonal. We pause here to note that the apparent divergence of the
band overlap factor, Eq.(S10), as momentum k → 0 is a consequence of the assumption |µ|  ∆d,∆h. This is a
justified approximation as in practice, upon summation over the BZ, the contribution of the band overlap factors to
the polarization function will be dominated by the momenta k close to the Fermi momentum kF .
We now demonstrate the explicit evaluation of the An(q) coefficients by starting with the A1(q) term. The difference
of the band overlap factors in Eq.(S8),
F−−k,k+q − F−−k,k−q ≈
8∆2hm
2 cos θ
(
4 cos2 θ − 1)
k7
q3 (S11)
projects only odd k · q components. For the integration over the direction of k in Eq.(S8) not to vanish the drift-
modified Fermi-Dirac term f˜k has to similarly contribute an odd harmonic of k. As required when u = 0, that is
TRS is not broken, the Fermi surface is an even harmonic of k and hence the 1/ω term is absent [58]. With u 6= 0
however we expect the Fermi-Dirac distribution to develop odd harmonics linear in u that are centered near the Fermi
momentum kF . At zero temperature we can model such shifted Fermi-Dirac distribution f˜k as an θ angle dependent
Heaviside function
f˜k = −Θ (kF +mu cos(θu − θ)− k) . (S12)
We choose a coordinate system such that θ, θu are the angles between q and vectors k, and q and u, respectively.
Here the negative sign in front of the Heaviside function stems from setting the charge neutrality point at µ = 0. This
yields
A1(q) ≈ − 2
pi
∆2huq
3 cos(θu)
|µ|3 (S13)
for the A1(q) term where we approximated Fermi energy as |µ| ≈ k2F /2m. Following the same approach, the next
two coefficients A2(q) and A3(q) can be obtained as well. Using the parabolic energy dispersion approximation and
setting the band overlap factors in Eq.(S8) as unity we find
A2(q) ≈ 2
pi
|µ|q2, A3(q) ≈ − 4
pi
u cos θu|µ|q3 . (S14)
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As discussed in the main text, with the An(q) coefficients known in a closed form, we are now in position to obtain
the plasmon dispersion ωp analytically. To that end we seek zeros of the dielectric function which in terms of the
An(q) coefficients becomes now a cubic equation
0 = ω3 − 2piαvF
q
(
A1(q)ω
2 +A2(q)ω +A3(q)
)
(S15)
with vF = kF /m. Since A1(q) and A3(q) are both functions of the drift velocity u, they are a parametrically small
correction to the dispersion as compared to the A2(q) term. We note in passing that the A1(q) coefficient enters as
a prefactor of a larger power of ω than the term A2(q) which defines the unperturbed plasmon energy scale ω
0
p(q).
This is in contrast to the A3(q) term responsible for the conventional Doppler effect, which enters as a lower power
of ω and hence is suppressed by the large ω0p(q) energy scale. Solving the equation Eq.(S15) perturbatively in the
powers of the electron drift velocity u we find the plasmon dispersion as
ωp(q) ≈
√
2piαvFA2/q + piαvFA1/q +
A3
2A2
+O(u2) , (S16)
where A1(q) and A3(q) are both linear functions of the drift velocity. Using the An(q) coefficients from Eq.(S13) and
Eq.(S14) in the above solution gives the expression
ωp(q) ≈
√
4α|µ|vF q − 2α∆
2
hvF q
|µ|3 u · q− u · q , (S17)
discussed in the main text.
We conclude this Section by drawing attention to the q dependence of the analytic expressions for both Doppler
effect contributions: ω
(q)
p and ω
(c)
p , the last two terms of Eq.(S17) respectively. The quantum Doppler effect enters at
a higher power of momentum, ω
(q)
p ∝ q2, making it at first glance seem to be smaller than the conventional Doppler
contribution, ω
(c)
p ∝ q. This difference in the powers of momentum q in both terms can be traced back to the division
by the A2(q) term, c.f. Eq.(S16), as both A1(q), given by Eq.(S13), and A3(q), given by Eq.(S14), enter as the same
power of momentum q. This lack of division in the ω
(q)
p term by the factor A2(q), which sets the scale for the main
drift-free part of the plasmon dispersion ω0p, is ultimately behind the parametric enhancement of the quantum Doppler
effect contribution by the large effective fine structure constant α. As demonstrated with tight-binding simulations
discussed in the main text, this large factor of α overcomes the nominal suppression stemming from the additional
factor of q/kF present in the quantum Doppler contribution term for plasmon frequencies larger than the chemical
potential, ωp(q) & |µ|.
THE TIGHT-BINDING MODEL
To compare and contrast the quantum and conventional plasmonic Doppler effect we use a simple tight-binding
model that retains some features of the true TLG bands. The key properties of the bandstructure that control the
behavior of the collective modes are the electron band’s bandwidth (a natural bandstructure cut-off), momentum scale,
and similar symmetry properties. For this purpose we use a nearest neighbor tight-binding model on a triangular
lattice with two orbitals per site. For clarity, we use hoppings of equal magnitude, but opposite sign (t1 = −t2 = t),
arriving at:
HTB = −2t
(
cos(kxa) + 2 cos
(
kxa
2
)
cos
(
kya
√
3
2
)
− 3
)
σz
+ ∆dσz + ∆hσx (S18)
Here the lattice constant a = 15nm and σi are the Pauli matrices. In Fig.1(a), (b) the hopping magnitude is
t = 2.3 meV, while the gap parameters are ∆d = −3 meV and ∆h = 10 meV, and the calculation is performed
for µ = −14.5 meV and κ = 4.5. For the comparison of the magnitude of nonreciprocity between hybridized and
unhybridized cases we also use t = 1.1 meV, ∆d = 10 meV and ∆h = 0 meV to obtain the unhybridized bands of
comparable bandwidth. In Fig.2(b), where we show the quantum and conventional contributions to the plasmonic
nonreciprocity we keep the bandwidth W and bandgap ∆ at 10 meV while we tune between two types of the gap
sources using parameter γ:
∆h = γ∆, ∆d =
√
1− γ2∆ (S19)
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As indicated in the text we make the tight-binding simulation 4-fold degenerate to mimic the valley/spin degeneracy
present in an actual TLG system.
TLG - DETAILS OF THE MODEL
For the description of the TLG bandstructure and eigenstates we employ the effective continuum Hamiltonian
[46, 54, 55], together with its associated notation and numerical values of simulation parameters. It consists of two
parts HTLG = HABC + VM (r), the first one describing the ABC-stacked trilayer graphene and the second one being
due to moire´ potential of hBN substrate. The trilayer graphene part is given by:
HABC =
ν30
t21
(
0 k3+
k3− 0
)
+
(
2ν0ν3k
2
t1
+ t2
)
σx +
(
2ν0ν4k
2
t1
−∆′
)
σ0 +
(
3ν20k
2
t21
+ t2
)
∆′′σ0 −∆σz
where k± = ξkx± iky, ξ = ±1 for K and K ′ valleys, νn =
√
3/2atn, a = 0.246 nm is the carbon-carbon lattice spacing
and t0 = 2.62 eV, t1 = 0.358 eV, t2 = −0.0083 eV, t4 = 0.293 eV, t5 = 0.144 eV, ∆′ = 0.0122 eV, ∆′′ = −0.0095 eV,
and κ = 3.03. Finally, the gaps in the bandstructure are opened and controlled by the applied electric field, which
is described by ∆ = 50 meV in our case to enlarge the range of energies between the intra- and interband continua.
The moire´ potential is given by:
VM (r) = 2CARe(e
iϕAf(r))
(
1 0
0 0
)
(S20)
where f(r) =
∑6
j=1 e
iqjr(1 + (−1)j)/2 and qj are the reciprocal lattice vectors of the triangular moire´ supperlattice.
The parameters used in the calculation of this potential are CA = −14.88 meV and ϕA = 50.19◦. We obtain the
energies and the eigenstates of HTLG by numerical diagonalization using a momentum cutoff qC = 5|qj |. In all the
calculations we are summing the results over both valleys and we take into account the 10 bands that lie the closest
to the Fermi energy in order to consider all the relevant interband transitions. The Bloch wavefunction for a valley ξ
is taken as
ΨXξ,n,k(r) =
∑
G
CXξ,n,k(G)e
i(k+G)·r (S21)
with X corresponding to each of the spinor components X = A,B. The band index is labeled by n and k is the
Bloch wave vector in the moire´ superlattice Brillouin zone. Here G runs over all the possible integer combinations
of the reciprocal lattice vectors, G = m1G
M
1 + m2G
M
2 with integers m1 and m2 that satisfy the momentum cutoff
condition.
In order to evaluate the polarization function for a realistic bandstructure model [54, 55] it is necessary to slightly
generalize the definition of the polarization function from Eq.(S6). The only required changes are: inclusion of multiple
electron and hole bands in both K and K ′ valleys of TLG and a change in the definition of the band overlap factors
Fnmk+q,k:
Fnmk+q,k =
∣∣∣∣∫
Ω
d2rΨ†n,k+q(r)e
iq·rΨm,k(r)
∣∣∣∣2 (S22)
In the above expression, n,m run over all the bands in both valleys, Ψm,k(r) represents the Bloch wave function for
band m and the integration is over moire´ unit cell Ω.
This model is spin-degenerate, which is taken into account by including a multiplying factor of 2 in the polarization
function. With such changes to the polarization function we can numerically evaluate the dielectric function and
determine plasmon dispersion from its nodes.
ELECTROMAGNETIC FIELD COMPONENTS OF THE PLASMON WAVES
In this Section of Supplemental Materials we discuss the behavior of the electromagnetic fields that comprise the
surface plasmons for two different situations: a hybridized system without and with nonreciprocity in plasmons’
dispersion. We also demonstrate the validity of the non-retardation assumption for computing the dispersion of
plasmons through seeking the nodes of the dielectric function from Eq. (S5).
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FIG. S4. (a) Plasmon dispersion obtained as a solution of Eq.(S23) (solid line) and as nodes of Eq.(S5) (dashed line). The
difference due to neglecting retardation effects is negligible. Horizontal dashed line indicates the energy of plasmons presented
in panels (b) and (c). Time snapshot of electric field Ex obtained using full-wave simulation (a) without and (b) with electric
current.
We seek to simulate the electric and magnetic fields that comprise the surface plasmons. In doing so we follow
the analysis of Ref.[26, 41] and we determine electromagnetic response of an 2D electronic system to a current dipole
located above it. We assume an infinite dipole line in the direction perpendicular to the current drift with the
polarization in the direction perpendicular to the 2D sheet. In the simulation we place the dipole at a distance 2LM
above the 2D sheet, where LM = 15 nm is the moire´ superlattice period. We take the dipole to emit radiation at
a constant frequency corresponding to the plasmon frequency ωp. With this geometry in place we solve Maxwell
Equations to obtain the behavior of both magnetic and electric fields in the whole space.
In the movies 1, 2 and in the Fig. S4 we plot the behavior of electric fields in a system for two different situations:
a hybridized system without (b) and with (c) nonreciprocity in plasmons’ dispersion. For both situations we excite
plasmon waves of the same frequency ωp = 19 meV, indicated by a gray line in Fig. S4(a). In the first case we find
plasmons propagating away from the dipole in both positive and negative directions. A snapshot of the propagation
is shown in Fig. S4(b) with a full simulation included in the movie 1. When both conventional and quantum Doppler
effects are present Fig. S4(c), we find a plasmon mode which propagates in one direction only as clearly seen in
movie 2. This unidirectionality is expected at plasmon frequencies where there is only one sign of the phase velocity.
We stress that here this non-reciprocity arises, as we discussed in the main text, only because of the strong band
hybridization and strong electron-electron interactions that are present in moire´ materials. If only a conventional
Doppler effect was present, at these drift velocities, we would find plasmons propagating away from the dipole in both
positive and negative directions but with a small difference in the left and the right propagating wavelengths. In the
conventional Doppler effect, again at these realistic drift velocities, the range of plasmon frequencies that supports
unidirectional propagation is extremely narrow.
We conclude this Section of the Supplemental Materials by demonstrating that there is no difference in the dispersion
of the surface plasmons determined with and without the non-retardation assumption. The defining equation for the
dispersion of transverse magnetic surface plasmon polariton (TM-SPP) waves is[40]
εr1√
q2 − εr1ω2c2
+
εr2√
q2 − εr2ω2c2
= −4piκVqΠ(ω,q) (S23)
where εr1, εr2 are the dielectric constants of the materials encapsulating the 2D system, κ = (εr1 + εr2)/2 is their
average, Vq is the Coulomb potential as defined in the main text, c corresponds to the speed of light and finally
Π(ω,q) is the polarization function. If we assume that retardation effects can be neglected, i.e. q  ω/c, then the
above Eq.(S23) reduces to the form that stems from seeking the nodes of the Eq.(S5). As mentioned in the main text,
by seeking the nodes of the dielectric function, we therefore determine the dispersion of both conventionally defined
plasmons (longitudinal charge oscillations) and the TM-SPP waves under condition that the retardation effects can
be neglected. We verify this explicitly, as shown in Fig. S4(a), by solving Eq.(S23) for the dispersion of plasmons.
